We propose a path-breaking route to the enhancement of unidirectional nonequilibrium simulations for the calculation of free energy differences via Jarzynski's equality [C. Jarzynski, Phys. Rev. Lett. 78, 2690Lett. 78, (1997]. One of the most important limitations of unidirectional nonequilibrium simulations is the amount of realizations necessary to reach suitable convergence of the work exponential average featuring the Jarzynski's relationship. In this respect, a significant improvement of the performances could be obtained by finding a way of stopping trajectories with negligible contribution to the work exponential average, before their normal end. This is achieved using path-breaking schemes which are essentially based on periodic checks of the work dissipated during the pulling trajectories. Such schemes can be based either on breaking trajectories whose dissipated work exceeds a given threshold or on breaking trajectories with a probability increasing with the dissipated work. In both cases, the computer time needed to carry out a series of nonequilibrium trajectories is reduced up to a factor ranging from 2 to more than 10, at least for the processes under consideration in the present study. The efficiency depends on several aspects, such as the type of process, the number of check-points along the pathway and the pulling rate as well. The method is illustrated through radically different processes, i.e., the helix-coil transition of deca-alanine and the pulling of the distance between two methane molecules in water solution. © 2013 AIP Publishing LLC.
I. INTRODUCTION
The free energy difference F between two states of a system is certainly one of the most difficult quantities that can be calculated by computer simulations. 1 To tackle this problem, several methods have been devised, going from milestone approaches such as thermodynamic integration 2 and free energy perturbation, 3 to more recent techniques based on histogram reweighting, flat-histogram or adaptive biasing force simulations, path sampling strategies, etc. (see Ref. 4 for an exhaustive review on free energy calculations). All these methods are designed to generate a sampling which keeps the system in an equilibrium, or quasi-equilibrium, state. In 1997 Jarzynski introduced a general nonequilibrium approach to compute F, 5 which, at variance with the other methodologies, allows one to externally drive the system arbitrarily far from equilibrium. Specifically, the method relies on an exact relationship, the so-called Jarzynski's equality (JE), between F of two states of a system and the work performed in a series of nonequilibrium realizations that switch the system between these two states. After the first demonstration, 5 the JE has been proved for a variety of cases, from Hamiltonian and non-Hamiltonian dynamics, [6] [7] [8] to Langevin dynamics 9 and Markov chain. 10 Proofs of the JE have also been given for quantum-mechanical systems, 11 for systems subject to thermal changes [12] [13] [14] [15] and for electronic excitation processes. 16 The first experimental test of the JE a) Electronic mail: riccardo.chelli@unifi.it was published by Liphardt et al., 17 who determined the irreversible work due to the mechanical stretch of a single fragment of RNA. As stated above, the remarkable aspect of JE is that it holds regardless of the switching rate. However, several attempts of applying JE showed that if the system is switched too fast, computational accuracy suffers. [18] [19] [20] [21] In order to improve the efficiency of nonequilibrium F calculations, several approaches have been developed during the years. They include, for example, biased path sampling, [22] [23] [24] [25] generation of non-Hamiltonian equations of motion, 26 optimal protocol strategies, 27 and large time-step molecular dynamics simulations. 28 Improvement of configurational sampling has also been the focus of an amount of work. [29] [30] [31] [32] [33] [34] Here, we introduce a recipe potentially able to speed up nonequilibrium F calculations, whose implementation in Monte Carlo and molecular dynamics simulation programs is straightforward. The method is based on checking the dissipated work periodically during the nonequilibrium realizations and to stop the highly dissipative trajectories before their normal end. The contribution of these broken paths to the JE-like work exponential average is thus neglected under the founded assumption that such an average is dominated by paths with low dissipated work. 35 As the method relies on estimates of the dissipated work at various check-points along the path, we need to determine somehow F at the same points during the realizations of the process, a task that can be accomplished with a self-consistent scheme.
In outline, this report sketches JE and shows how it can be modified using path-breaking schemes. Then, we present the results obtained on systems with different typology of mechanical pulling, such as the unfolding of deca-alanine in vacuum and the pulling of methane molecules into aqueous solution, special focus being given to the former system. We point out that these systems have been often used to assess the performances of free energy methods. 33, 34, 36, 37 
II. PATH-BREAKING IN NONEQUILIBRIUM SIMULATIONS

A. Theoretical framework
Following the usual formalism employed to describe nonequilibrium F calculations, we consider a system defined by a Hamiltonian H(q; λ) dependent on a set of configurational coordinates q and on a physical parameter λ introduced to keep the system constrained to a given subdomain of the whole phase space. A common example is represented by a biopolymer, where λ is associated with the end-to-end distance, which can range from the equilibrium value (native folded state) to a longer one corresponding to some elongated unfolded state. Jarzynski showed that arbitrarily rapid, nonequilibrium λ-switches from λ 0 to λ τ (hereafter, λ 0 and λ τ will indicate the initial and final states, respectively) can be used to calculate the free energy difference F λ τ = F (λ τ ) − F (λ 0 ). To this end, one considers switching trajectories that combine increments in λ with conventional dynamics in q-space at fixed λ values. Therefore, the evolution of the system from the initial microstate, {q 0 , λ 0 }, to the final microstate, {q τ , λ τ }, can be represented as a sequence of microstates where particle evolution and λ changes are made on alternate steps as
In the path represented above, work is performed on the system when the control parameter is moved at fixed configuration, while heat is exchanged with the thermal bath when the particle positions evolve at fixed control parameter. The total amount of work performed on the system is
The JE can be expressed in integral form as
where P (W ) is the probability of observing the work W in a set of trajectories of the type of Eq.
(1) and β −1 = k B T, k B being the Boltzmann constant and T the temperature at which the initial microstates are sampled. In nonequilibrium simulations, the integral of Eq. (3) needs never be considered since the work values are automatically generated with the proper frequency proportional to P (W ). For a set of work values W 1 , W 2 , . . . , W N (for simplicity, we have dropped out the subscript λ τ ), the JE provides an estimate for F λ τ
As the relationships of Eqs. (3) and (4) are valid for an arbitrary number τ of λ-steps, switches can be performed very rapidly thus allowing for a significant computational gain in generating the trajectories. However, in the practice, unless there is a sufficient overlap between the states described by H(q 0 ; λ 0 ) and H(q τ ; λ τ ), F λ τ will be biased, often much above the thermal energy. 32, 35, 38, 39 The bias is due to the nonlinear nature of Eq. (4), where the smallest, and thus rarest, work values dominate the average. This statistical feature, if from one side leads to computational difficulties in F estimation, on the other side offers the opportunity of saving computer time if we find a route for not performing trajectories with associated work much greater than F. On such a basis, one could try to stop, for example, the trajectories whose dissipated work at half-pathway (λ = λ τ /2 ), i.e., W λ τ/2 − F λ τ/2 , lies above a given threshold value W th , under the assumption that these trajectories satisfy the same criterion in the case they are continued till λ τ . In other terms, we do assume that trajectories whose contribution to F λ τ/2 is negligible, will also not contribute significantly to the final free energy F λ τ . Conversely, only the trajectories with important contribution to F λ τ/2 are supposed to preserve their importance in F λ τ . These two situations are schematically represented in Fig. 1(a) (trajectories A and B, respectively). Of course, trajectories with relevant contribution to F λ τ/2 , but negligible contribution to F λ τ (trajectory C in Fig. 1(a) ), will not affect the algorithm, because, in any case, such trajectories are not stopped. A possible drawback is instead represented by trajectories broken at half pathway that might be determinant for the final free energy if they were been completed (trajectory D in Fig. 1(a) ). In summary, the approach that we propose is suitable provided that D-type trajectories are somehow negligible in free energy computations via Eq. (4). We will discuss later the validity of this assumption for our test systems. Using the path-breaking procedure, only a subset formed by N out of N trajectories will reach the final step, whereas the more dissipative ones will be stopped at half path. Of course, the number of broken trajectories depends on the nature of the nonequilibrium process and on the arbitrary value of W th . Equation (4) can thus be used neglecting the broken paths:
In comparison to the standard approach of Eq. (4), using a subset of trajectories in the summation of Eq. (5) leads to underestimate the logarithm and hence to overestimate F λ τ . This positive bias, which is added to the natural bias of Eq. (4), 35 depends on both the number of broken trajectories, i.e., N − N , and especially the work associated with them. Overall, the accuracy of the method will rely on the fact that such a bias is irrelevant with respect to other sources of error. Therefore, no enhancement of accuracy is actually expected with respect to the standard method, but only a gain in terms of computer time. In the above scenario, we have considered one point along the pathway (located at λ = λ τ /2 ) at which dissipation is checked. However, it is evident that an arbitrary number of check-points along the pathway can be employed (see Fig. 1(b) ). Therefore, the procedure requires estimation of the work dissipated at the established check-points. This implies that, for a generic check-point located at λ = j , one must evaluate the free energy difference F ( j ) − F (λ 0 ) ≡ F j , which can be done according to a self-consistent protocol. Putting the pieces together, we estimate F using the following steps: The previous four steps are addressed to the initialization of the procedure without introducing any substantial modification to the standard approach for nonequilibrium F calculations. The next steps are applied to the body of the remaining trajectories:
once a guess for the check-point free energies is achieved from step (iv), the next trajectories start with the path sequence of Eq. (1). During a generic trajectory, when a check-point j is reached, the dissi- (5); (viii) the procedure continues by adopting the new checkpoint free energies in dissipated-work checks.
We will refer to this approach as Fixed Threshold Scheme (FTS). It is clear that FTS is basically addressed to get a faster evaluation of F as an approximation to the estimate obtainable from Eq. (4) (from now on, the application of Eq. (4) to the set of unbroken trajectories will be referred to as the standard method). Since the broadening of the work distribution increases along the pathway, the number of trajectories reaching the various check-points decreases with approaching the final step (we note that, denoting as The implementation of FTS in nonequilibrium simulation protocols as well as its parallelization is straightforward. However, it introduces an arbitrary threshold for dissipation, W th , which may affect in uncontrolled manner the accuracy of the calculation and the computer-time efficiency. In fact, the lower the value of W th , the faster the calculation, but the worse the accuracy. Vice versa, greater W th values lead to good accuracy but to a lower computational gain. In the limit of infinite W th , no path is broken and FTS corresponds to the standard approach.
An alternative algorithm, suitable for path-breaking without resorting to an arbitrary threshold for the dissipated work, can be envisaged in a scheme according to which a trajectory is stopped with a probability dependent on the dissipated work: the greater the work dissipated at a given check-point, the greater the probability of stopping the trajectory. For a check-point located at i , we set the probability of continuing a trajectory towards the next check-point located at i+1 (or towards the final step λ τ if i is the last check-point) as follows:
where W i is the work performed on the system during the segment of trajectory which goes from λ 0 to the check-point i and W i − F i is the associated dissipated work. Thus, the probability that the trajectory under consideration reaches a generic λ point, such that n < λ ≤ n+1 , corresponds to the product of the probabilities of overcoming the check-points located before the λ point along the pathway, namely,
where f (W i ) is evaluated using Eq. (6). Hence, the probability of observing a trajectory at the point λ is biased due to the breaking criterion applied to the various check-points up to n . Therefore, the contribution of a trajectory to the summation of Eq. (4) needs to be weighted back to recover the unbiased F λ value. This is accomplished by multiplying each term of the summation of Eq. (4) by the inverse weighting function F −1 n , which leads to the following expression for the PMF
where N n+1 is the number of trajectories reaching the n+1 check-point (and therefore the λ point) and
We notice that, in Eqs. (8) and (9), the subscript i is introduced to label the trajectories. The sequence of steps characterizing this second path-breaking protocol is exactly that employed for FTS apart from steps (vi) and (vii). The criterion for breaking a trajectory, i.e., step (vi), is now represented by the check-point overcoming probability of Eq. (6), while the check-point free energies F 1 , F 2 , . . . , F M , entering step (vii), are updated on the basis of Eqs. (8) and (9) . Specifically, the generic F n free energy is achieved as
We point out that for n = 1, the statement F
0,i = 1 holds for each trajectory i, because the probability of reaching the first check-point is always one; as a consequence, we have N 1 = N. Therefore, for n = 1, Eq. (10) corresponds to the unmodified JE (Eq. (4)). Moreover, since the above conditions hold in the whole range λ 0 ≤ λ ≤ 1 , the unmodified JE can also be applied to compute F λ in this λ-interval. It is important to observe that Eq. (10) is a recursive relation for the check-point free energies, because the F −1 n−1,i factor depends on F 1 , F 2 , . . . , F n−1 . However, we note that the factor F −1 n−1,i associated with the trajectory i, once calculated, should not be updated as a new improved set of F j is obtained from the self-consistent protocol [step (vii)]. This must be enforced for making the reweighting factor F −1 n−1,i numerically consistent with F n−1,i , which is employed as probability of the trajectory i of overcoming the check-point n − 1 . As a sufficient number of nonequilibrium trajectories has been produced, which can be roughly evaluated from convergence features of the check-point free energies, Eqs. (8) and (9) can be exploited to recover F λ , using reweighting factors F −1 n,i stored during the realization of the pulling trajectories. We will refer to this path-breaking strategy as Probability Threshold Scheme (PTS). As the FTS, PTS is also expected to introduce a positive bias in free energy estimates, which basically arises from neglecting contributions of trajectories to the path exponential average (Eq. (10)).
B. An illustration of the path-breaking scheme
A simple but insightful illustration of the PTS can be given by an imaginary numerical experiment. Suppose to perform an ensemble of nonequilibrium realizations of a process whose works are distributed according to a Gaussian function, with mean W m and variance σ 2 . In this context, the physical nature of the process does not matter. Let us consider a single check-point located at . Our aim is to estimate F λ for a λ point located beyond the check-point along the pathway.
To further simplify the model, we also assume λ . This allows us to exploit Eqs. (8) and (9) with the approximation W λ,i W ,i , i.e.,
where N is the number of trajectories reaching the λ point, or, in other words, the trajectories which overcome the check-point. For Gaussian work distributions, the free energy difference F λ can be achieved from the cumulant expansion up to the second order
The parameters W m = 5 and σ 2 = 20 adopted in our toy model lead to a theoretical F λ of −5. The free energy difference obtained from Eq. (4) using a set of 10 6 work samples is −4.58, which is, as expected, overestimated with respect to the theoretical value. This estimate is however our target for the application of the PTS. The same set of work samples is then adopted to apply the PTS described in Sec. II A. According to step (iv), the first five work values have been used into Eq. (4) to get a guess for F λ ( F λ = F = 2.61), which has been updated every ten generated work samples [step (vii)]. At the end of the procedure, the acceptance probability f (W λ,i ) leads to accept only ∼3.1% of the generated work samples (in the path-breaking language this is the percentage of trajectories that overcome the check-point; consequently, 96.9 is the percentage of broken trajectories). Their distribution P (W ) is reported in Fig. 2 for comparison with the work distribution P (W ) obtained from the original set of 10 6 work samples. Statistical principles establish the correlation between P (W ) and P (W ), which is P (W ) = P (W )f (W ), where f (W ) is from Eq. (6). Therefore, a more explicit statement of P (W ) is 40, 41 which correlates the probability of observing a work W in a set of realizations that switch the system from a state A to a state B, say P AB (W ), to the probability of observing the work −W in a set of realizations that switch the system from B to A with a time reversal protocol, say P BA (−W ). Specifically, Crooks fluctuation theorem establishes that P AB (W )/P BA (−W ) = exp[β(W − F )]. Identifying P (W ) with P AB (W ) into Eq. (15), we recover the equality P (W ) = P BA (−W ), namely, when W > F λ , P (W ) may be viewed as the probability of observing the work −W in an imaginary set of time-reverse realizations. In summary, we have P (W ) = P AB (W ) from Eq. (14) and P (W ) = P BA (−W ) from Eq. (15) . This accounts for the witch hat shape of P (W ) 42 (see Fig. 2 ), whose maximum occurs at W = F λ . The original work distribution P (W ) can in principle be recovered from P (W ) by reweighting on the basis of the inverse relation P (W ) = P (W )f −1 (W ), where f −1 (W ) is from Eq. (12). The resulting work distribution is also shown in Fig. 2 . For low W values the recovered distribution follows the original one, while at greater W it presents large noise. For very large work values, work distribution cannot be recovered because those values are rejected in the PTS. On the other side, these excluded work values give negligible contribution to the free energy. In fact, the quantity F λ obtained from the PTS is −4.58, in perfect agreement with the estimation made with the standard method. The scenario does not change by using different numbers of work samples, as one can see in Table I , where we report F λ obtained from standard and PTS approaches. The percentages of work samples contributing to F λ (100N /N; N is from Eq. (11)), which correspond to the percentages of unbroken trajectories in the path-breaking language, are also reported in the table. The small fraction of unbroken trajectories points to a large efficiency of the method. 
III. TEST CASES
A. Helix-coil transition of deca-alanine
Following early studies aimed at elucidating methodological aspects of nonequilibrium molecular dynamics simulations, 36, 37, 42 the helix-coil transition of deca-alanine, which is relevant to protein folding, is used as an exemplary system. The transition has been induced by fixing one end of the molecule and pulling the other end. The free energy as a function of the end-to-end distance has been calculated with the standard approach and with the path-breaking schemes introduced above, i.e., FTS and PTS. The setup of the simulations is reported in Ref. 42 and we refer to that article for the technical details. In the following, only data relevant to the present discussion are reported.
Pulling simulations have been performed by elongating the end-to-end distance (the physical quantity correlated with the λ control parameter) from λ 0 = 1.55 nm to λ τ = 3.15 nm, using a spring-like potential with a harmonic constant large enough (8 × 10 4 kcal mol −1 nm −2 force constant) for the stiff spring approximation 36 Various F λ estimates, calculated from PTS nonequilibrium simulations with v = 160, 80, and 53.33 m s −1 and different check-point numbers, are reported in Fig. 3 (left panels) along with F λ obtained from standard simulations. The agreement between PTS and standard method is very good when small check-point numbers are used (M = 1 and M = 4), while for greater M values, deviation of the PTS-calculated F λ from the standard reference profile increases, especially at large λ. The free energy becomes worse as M increases because, an increase of M yields a greater number of broken trajectories. For large M, check-points occur at λ values close to the initial one, λ 0 , where the work distribution is quite narrow and, in general, the dissipated work is low. At these check-points there is not large difference, in terms of dissipated work, between the trajectories, and breaking may hence cut off trajectories that contribute significantly to the free energy in λ regions later along the pathway. Moreover, we observe a significant worsening of the F λ accuracy for increasing values of v, even if the agreement between PTS and standard approaches remains satisfactory at small checkpoint numbers. These features are more evident in Fig. 3 (right Fig. 4(b) . The fraction of trajectories which survive to check-point controls decreases along the pathway (Fig. 4(a) ), taking values lower than 0.15 at the end coordinate and, for large M, even lower than 0.01 (Fig. 4(b) ). Moreover, it is noteworthy that the fraction of trajectories reaching λ τ decreases with M, a behavior which improves the computational efficiency at expenses of the accuracy of the method (Fig. 3) . In summary, the previous results show that it is possible to improve the computer-time efficiency of the PTS by increasing the number of check-points along the pathway, but this leads to a significant trajectory breaking and ultimately to a lower accuracy in free energy calculation. The efficiency of PTS with respect to the standard approach can be quantified by taking the ratio T ST /T PTS , where T ST and T PTS are the times employed to carry out standard and PTS simulations, respectively. Here, we only consider the time spent in pulling trajectories, while the time needed to produce the initial microstates from an equilibrium simulation (the same time for both methods) is not considered. By denoting with t the computer elapsed time spent for a single complete trajectory, we have T ST = Nt, N being the total number of trajectories (in our calculations N = 10 4 ). In the PTS case, we can instead write where n j is the fraction of trajectories that accomplish the path fragment j − 1 → j (note: n 1 and n M + 1 are related to the path fragments λ 0 → 1 and M → λ τ , respectively). We point out that n 1 is always 1 because the first path fragment is certainly completed by all the N trajectories. Equation (16) holds for nonequilibrium simulations, such as ours, where the M check-points partition the λ-range into M + 1 equal segments, so that the time needed to complete one generic pathfragment is t/(M + 1). Computer-time efficiency ratio is thus written as
In Fig. 5 , we report T ST /T PTS as a function of M achieved from PTS simulations with various pulling velocities. We notice that the efficiency ratio may range from one, as standard and PTS simulation times are equal, which occurs when no trajectory is broken (i.e., n j = 1 for j = 1, 2, . . . , M + 1), to M + 1, obtained in the limit that all trajectories are stopped at the first check-point (i.e., n 1 = 1 and n j = 0 for j = 2, 3, . . . , M + 1). The maximum efficiency ratio is also reported in Fig. 5 for comparison. PTS discloses good efficiencies which improve as v increases. The small efficiency observed at low v depends on the fact that at these pulling velocities dissipated work is small and hence an increasing number of trajectories may reach greater λ values. In Fig. 3 we have observed a progressive downgrading of the accuracy of the PTS with increasing v. On the other side, high v leads to greater computational efficiency as revealed by Fig. 5 . This opens the opportunity of employing the time gained through PTSs to make simulations at slower v. To understand how accuracy can be improved by tuning v in the helix-coil transition process of deca-alanine, we define a sort of efficiency ratio, similar to Eq. (17), which accounts for different pulling velocities of standard and PTS simulations. In 
where we have assumed that the times of a single trajectory in standard and PTS simulations, i.e., t ST and t PTS , can be different. Thus, once the pulling velocity of the standard approach, defined as (λ τ − λ 0 )/t ST , is established, it is possible to find a couple of parameters for PTS simulations, specifically v = (λ τ − λ 0 )/t PTS and M, to get efficiency comparable to the standard method, namely,
Of course, since T PTS depends on both v and M, several combinations of the two parameters can be found to meet the above condition. In the present test case, the combinations of parameters that satisfy Eq. (19) for standard simulations performed at v = 160, 80, and 53.33 m s −1 , are reported in Table II . The table should be read as follows: the time necessary to perform 10 4 pulling trajectories using the standard method at, say, v = 80 m s −1 (fourth and fifth rows of the table) is 1.15 times greater than the time necessary to realize 10 4 pulling trajectories using PTS simulations at v = 53.33 m s −1 and M = 1, and 1.11 times greater than the time necessary to realize 10 4 pulling trajectories using PTS simulations at v = 32 m s −1 and M = 4. Note that, among the possible combinations obtained with the v and M parameters used in our simulations (see details at the beginning of the present section), we have chosen the less favourable for PTS, namely, those giving the higher best approximation to Eq. (19) (see T ST /T PTS in Table II ). Once the simulation conditions which give comparable efficiency for standard and PTS methods are determined, we may do a comparative analysis of the free energy accuracy. This is reported in Fig. 6 for the seven couples of simulations of Table II . In all cases the PTS simulations provide better free energy profiles than the standard simulations do. Thus, exploiting the time gained by means of the PTS to slow down the pulling process, allows one to improve the free energy estimates. 6 . Deca-alanine. F λ as a function of λ (end-to-end distance) calculated from PTS and standard simulations whose efficiency ratio is close to 1 (see Table II At this point one may ask if FTS can outperform PTS for some properly chosen simulation setup, especially in relation to the freedom that one has in defining the W th parameter. In fact, to employ the FTS in nonequilibrium simulations, we must somehow establish the threshold value W th of the dissipated work at the check-points. In principle, different thresholds can be used at the various check-points. However, for simplicity we have decided to use a single W th along the whole pulling pathway. The choice of W th should be done to gain the best compromise between accuracy and computational efficiency. Unluckily, increasing (or decreasing) W th yields opposite effects on these two aspects of the calculation. Using large W th allows us to get good accuracy because less trajectories are broken during the pulling simulations. However, this leads to poorer computational efficiency because more trajectories need to be performed. Clearly, the opposite effect arises from using small W th values. Tuning W th a priori may not be a simple task since it can depend on the type of system, the pulling process, and the pulling Fig. 7 , we report the efficiency ratios T ST /T FTS and T ST /T PTS for simulations performed with various M parameters. The chosen threshold parameters for FTS simulations listed above lead to close agreement between FTS and PTS in terms of computer-time efficiency. This allows us to quantitatively compare the free energy estimated with the two approaches. In Fig. 8 , we report F λ vs. λ and F λ τ vs. M calculated with the three pulling velocities. We substantially note that, in conditions of comparable computer-time efficiencies (Fig. 7) , the performances of PTS and FTS in terms of accuracy are almost coincident. It is evident that an improvement of the FTS efficiency via W th lowering can only be gained with a concomitant worsening of the overall free energy accuracy.
As discussed in Sec. II A, the validity of path-breaking schemes is subject to the statement that dissipated work takes a quite uniform (monotonic) trend along the pathway. This roughly means that trajectories ordered in agreement to the dissipated work are supposed to basically keep unchanged the order along the pulling coordinate. Actually, a less stringent statement is required, namely that trajectories with strong dissipation at intermediate steps do not take low dissipation values at the end of the pathway. This happens when D-type trajectories, schematically represented in Fig. 1(a) , have a negligible impact on the free energy. To this regard, there are two basic considerations to be done: one of theoretical and the other of numerical nature. From the theoretical point of view, the occurrence of D-type trajectories makes the FTS not exact in principle. In fact, using FTS one can never recover trajectories whose dissipated work exceeds the chosen threshold value W th . Instead, in the case of the PTS, the trajectories are broken with a probability depending on the dissipated work, and hence there is a non-null probability of observing D-type trajectories at the end point of the pulling coordinate. In the limit of an infinite number of nonequilibrium trajectories, reweighting allows recovering the right contribution of these rare trajectories to the work exponential average. PTS is therefore exact in principle (like the Jarzynski's relationship, which is exact for an infinite number of realizations). In practice, however, the sampling of D-type trajectories done with the PTS is poor and uncertainty may arise from the numerical application of the method. Therefore, the question is whether a large error can be expected from neglecting D-type trajectories in work exponential averages. In order to infer the soundness of the above statement, we compare F λ τ calculated by exploiting the whole set of trajectories (into Eq. (4)) to the same quantity obtained by excluding D-type trajectories. Such an exclusion has been achieved introducing two virtual check-points along each trajectory: one located at a fixed intermediate position of the pathway, say . The calculation of F λ τ is then repeated excluding such ill-behaved trajectories. As usual, the free energies are determined by averaging 20 independent estimates, each being produced by using 500 work samples. The error on F λ τ has been evaluated by the standard block average approach. 20 Calculations realized using various values, i.e., λ τ /4 , λ τ /2 , and λ 3τ /4 , and different pulling velocities are summarized in Table III . The percentages of D-type trajectories averaged over the 20 blocks are also reported in the table. As expected, excluding trajectories with low dissipation at the end of the pulling process gives rise, in general, to overestimation of the free energy. Nevertheless, the most relevant aspect of Table III is that F λ τ does not change significantly by excluding ill-behaved trajectories and that it is almost insensitive to the variation of pulling velocity and of . In fact, the difference between the free energies obtained with the whole set of samples and the corresponding quantities obtained without D-type trajectories are within the error bars. The most critical conditions for path-breaking schemes appear to be those corresponding to highly irreversible processes, attained with high pulling velocities. Moreover, consistently with the underlying assumption of monotonic time-dependence of the dissipated work, we generally find a modest amount of ill-behaved trajectories independent on the pulling-velocity regime (see N D-traj in Table III ). The fact that similar conclusions were also gained from radically different kinds of simulated nonequilibrium processes, such as Monte Carlo pulling simulations of methane molecules in solution and Monte Carlo alchemical transformations 33 (data not shown), provides sound support to the possibility of applying the methodology to a variety of situations. 
B. Potential of mean force of two methane molecules in water solution
To get idea of the performances of path-breaking schemes for a radically different type of nonequilibrium process, in this section we briefly report on the outcomes obtained from PTS Monte Carlo simulations in which the pulling coordinate is the intermolecular distance between two methane molecules in water solution. Interestingly, the calculations have been realized combining PTS with the configurational freezing method recently developed in Refs. 33 and 34. Specifically, the configurational freezing simulations exploit nonuniform particle-selection scheme with selection probability proportional to r −2 (with r being the distance of the selected water molecule from the center of mass of the two methane molecules) combined to particle-freezing scheme with mobility-sphere radius of 1 nm (the model denoted as S 2, 1 in Ref. 34 ). This approach has already been shown to improve significantly the performances of nonequilibrium free energy calculations. Here, we show that PTS provides a further improvement of computational efficiency by lowering the time needed to perform pulling trajectories. Numerical experiments are taken from Ref. 34 and we refer to that paper for technical details on system and simulation setup. The PMF is calculated by means of 2000 nonequilibrium trajectories switching the intermolecular distance from 0.3 to 0.7 nm with a constant velocity of 4 × 10 −7 nm step −1 . As done for decaalanine, PTS calculations are realized by post-processing the trajectories of Ref. 34 . The free energy guess at the checkpoints is calculated using the first 5 full-length trajectories and next updated every 5 trajectories. To calculate the uncertainty on the PMF, the trajectories have been grouped into 20 blocks of equal size (100 trajectories per block). The usual block averaging procedure 20 has then been applied. The results of various PTS-based PMF calculations differing in the number of check-points (M = 1, 3, 5, 7, 9, 11) are compared in Fig. 9 (a) with the bare configurational freezing approach based on Eq. (4). F λ τ estimates together with the error bars are reported in Fig. 9(b) , while the efficiency ratio T ST /T PTS (see Eq. (17)) as a function of M is drawn in Fig. 9(c) . Accuracies of PTS and standard methods are very similar, being the PMFs within the error bars for all the considered values of M. On the other side, the computational gain (Fig. 9(c) ) remains quite moderate (in between 1.5 and 2.5) with changing M. This may be ascribed to the slow pulling velocity of the process. In fact, as observed for the deca-alanine case, low velocity gives higher accuracies but lower computational efficiencies. In any case, a significant improvement with respect to the standard (configurational freezing) approach is observed.
IV. CONCLUDING REMARKS
The important drawback of free energy calculations via unidirectional nonequilibrium simulations, such a steered molecular dynamics, is the amount of realizations of the process necessary to reach a suitable convergence of the work exponential average exploited in the Jarzynski's relationship. 5 This aspect of the problem becomes determinant as the time needed for a single realization is large because of the complexity of the system under consideration (especially the system size). In the present study, we tackle this issue by means of a path-breaking approach based on the work dissipated during the pulling trajectories. The path-breaking schemes, based whether on a dissipation threshold (referred above as FTS) or on a probability threshold criterion (referred as PTS), allow one to stop the pulling trajectories with negligible contribution to the work exponential average, before their normal end. The enhancement of computer-time efficiency with respect to the standard approach has been shown to vary from a factor 2 to more than 10. Moreover, it is evident that comparable benefits can be gained for processes even radically different in nature, such as the unfolding of a biopolymer and the pulling of molecules into a medium. A further advantage of path-breaking is the almost full compatibility with most of the early path-sampling techniques developed in the
